We pursue a systematic statistical mechanics study of finite smectic stacks of semiflexible manifolds bounded by interfaces under tension. We address, by analytic calculations and Monte Carlo simulations, the effects of the surface tension on smectic interlayer distances. We use our theoretical results to elucidate the so called vapor pressure paradox ͑VPP͒ in multilamellar membrane phases and explain the experiments of Katsaras ͓Biophys. J. 73, 2924 ͑1997͒; 75, 2157 ͑1998͔͒. We show that the effects of the interfacial tension are substantially weaker than suggested by the previous theoretical discussion of the VPP effects ͓R. Podgornik and V. A. Parsegian, Biophys. J. 72, 942 ͑1997͔͒. By consistently taking into account the discrete, layered character of smectic liquid crystals, and anharmonic phonon effects, we show that the essence of VPP effects is in spatially nonuniform thermal expansion of smectic interlayer separations. We find that the average period of the whole finite stack can be both smaller ͑ordinary VPP effect at high enough interfacial tensions͒ or bigger ͑a reverse VPP effect at low interfacial tensions, overlooked in previous studies͒, relative to the average period of the corresponding infinite smectic stack. Looking at stacks from outside, these two effects show up as if there is an attractive ͑for the ordinary VPP effect͒, or repulsive ͑for the reverse VPP effect͒ pseudo-Casimir force acting between the two stack interfaces. We show however that the physics of VPP effects is obscured by schematically invoking Casimir-like forces. Rather, the ordinary and the reverse VPP effects are to be both characterized as thermomechanical anharmonic effects caused by a spatially nonuniform thermal expansion of smectic interlayer distances. Interlayer distances close to stack surfaces expand less ͑more͒ for the ordinary ͑reverse͒ VPP effect than those deep in the stack. The reverse VPP prevails at low interfacial tensions, simply because the membrane at the top of the stack is more free to fluctuate than membranes in the bulk. By increasing interfacial tension above a threshold value, fluctuations of the membrane at the stack top become suppressed, and the ordinary VPP effect prevails. In this study, we demonstrate that finite-size VPP effects in a strongly entropic system, such as the sterically stabilized lamellar phases, can be described quantitatively well by a simple analytic approach.
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I. INTRODUCTION
Smectic liquid crystals and smecticlike phases have been attracting attention of experimentalists and theorists for decades ͓1-13͔, in particular because of the biophysical significance of these systems ͓4 -6,10,14 -19͔. Thermal fluctuations play a significant role in these systems. Typical examples for this are sterically stabilized smectic phases of large flexible manifolds, such as fluid membranes or semiflexible polymers interacting by purely hard-core repulsion ͓2,10-12,20-23͔. In these phases, the restriction of the fluctuations of thermally rough manifolds by the presence of neighboring manifolds ͑hard-core interaction͒, yields the well known Helfrich effective ͑entropic͒ repulsion interaction ͓10͔. In these so called unbound phases of manifolds, the smectic equation of state, which relates the isotropic osmotic pressure P to the smectic period a, is purely entropic in nature ͓11,12,22,23͔. In particular, it predicts that the average smectic period a diverges for P→0. On the other side, thermal fluctuations are quantitatively significant also in the bound phases of manifolds, in which a remains finite for P →0, due to the presence of attractive intermanifold interactions ͓15-19͔. In these bound phases, the actual ͑renormal-ized͒ value of the smectic phase period a may be substantially different from the mean-field estimate that minimizes the bare intermanifold potential. Here, the effect of thermal fluctuations is similar to the familiar thermal bond expansion in ordinary crystals. In smectic liquid crystals, however, such fluctuation effects are significantly stronger due to the soft character of these systems and thus a more prominent role is played by long-range thermal fluctuations.
Due to these reasons, the smectic ''bond length'' a may substantially depend also on the size of smectic systems, in particular, on the number of manifolds comprising the smectic stack, N. Thus, in two-dimensional ͑2D͒ sterically stabilized smectic phases of semiflexible polymers under isotropic osmotic pressure, the average stack period a N is almost 10% bigger in small stacks (Nϭ2 or 3) than in the bulk of an infinite stack (Nϭϱ), as revealed in our recent study Ref. ͓11͔ . In that study, the interfacial manifolds at the surfaces of the system are considered to be tensionless. Under some conditions, however, the smectic interfaces may acquire a nonzero surface tension ␥. Classical examples for this are the multilamellar bilayer membrane phases that have interfaces corresponding to water-vapor-liquid interface ͑with the lamellar phase on the liquid side͒, or multilamellar phases with interfacial manifolds bound to solid substrates ͑corre-sponding to essentially infinite surface tension͒ ͓17,18͔. For these systems, it has been pointed out by Podgornik and Parsegian ͓14͔ that the interfacial surface tension could suppress thermal fluctuations of the manifolds and thus substantially reduce the value of the average smectic period a N of the N-manifold stack. This finite-size surface tension effect was argued to be quantitatively remarkably strong and vis-ible even for macroscopically large values of N ͓14͔. It was interpreted in terms of a long-range pseudo-Casimir attractive force between the system interfaces ͑as in Refs. ͓24,25͔͒, and furthermore, it was suggested as an explanation for the so called vapor pressure paradox ͑VPP͒, frequently manifested in practice ͓14͔: namely, in oriented smectic stacks with vapor-liquid or solid interfaces, it has been indeed noted that the smectic period a N may be significantly smaller than the value a ϱ expected for the corresponding infinite systems, Nϭϱ. Such a period reduction may result from some other ͑not due to finite-size͒ effects, see Ref. ͓14͔ . Still, it has been argued that these other effects have been eliminated in the experiments with the systems exhibiting VPP phenomena. This has provided a basis to broadly adopt the theory of Podgornik and Parsegian ͓14͔ as an explanation of the VPP. However, a recent twist in this history of the VPP came from the careful experiments of Katsaras ͓17͔. They have strikingly indicated that there is no VPP in multilamellar membrane phases in equilibrium with saturated water vapor. Thus, a new enigma emerged, on how to reconcile the existing theory of VPP with the recent experimental observations.
In this paper, we address this enigma by pursuing a systematic statistical mechanics study of finite stacks with N semiflexible manifolds bounded by interfaces under tension. We address, by analytical calculations and numerical simulations, the finite-size effects of the surface tension on the smectic period, i.e., the average interlayer distance. We find that these effects are substantially weaker than suggested by the previous theoretical discussion of the VPP phenomena in Ref. ͓14͔ . Within our theory of VPP in finite smectic liquid crystals, these systems are described more microscopically, as stacks of interacting manifolds, ͓11,12,20,22,23,26͔ . This is in contrast to the standard Landau-Peierls smectic continuum elastic model that has been employed in Ref. ͓14͔. This classical continuum ͑elastic͒ model essentially ignores the discrete, layered character of smectic liquid crystals. Its formal application in Ref. ͓14͔ yields a strong dependence of the strength of the VPP on the microscopic short-distance cutoff of the manifolds ⌬x ͑such as the lipid molecule size͒. In fact, the presence of the experimentally small ⌬x in the quantitative results of Podgornik and Parsegian ͓14͔ is the main source for their remarkably large estimates of the strength of the VPP effect in equilibrium smectic liquid crystals: Within their theory, the strength of the VPP effect was actually found to diverge in the continuum limit ⌬x→0 ͓14͔. Moreover, the application of the theory of Podgornik and Parsegian to the unbound, sterically repelling smectic stacks of membranes yields a strange conclusion that the intermembrane separation ͑smectic period͒ a N reaches a finite value (a N ) max ϳ⌬xͱN in the limit of zero osmotic pressure, P →0 ͓14͔. Here, we find that these features are artifacts of formally using the smectic continuum model in Ref. ͓14͔ . In fact, the more microscopic smectic stack model, used by us here ͑and also in Refs. ͓11͔ and ͓12͔͒, has finite continuum limit ⌬x→0, and thus only a weak dependence of the smectic period on the microscopic manifold cutoff ⌬x. In the result, the magnitude of the VPP effect we find is small, making it hardly observable in the stacks with NϷ few hundred manifolds, in accord with the aforementioned experiments of Katsaras ͑see Secs. II and III͒. Importantly, this conclusion holds even for the infinite surface tension ␥, or, equivalently, for the smectic liquid crystals fluctuating over solid surfaces ͑substrates͒. In fact, by using our smectic stack model, we find that the VPP effect has well defined, finite limit for ␥→ϱ, see Secs. II and III. Here, we elucidate this important limit which may be nearly reached in realistic smectic systems with vapor-liquid interfaces. Recently, Nagle and Katsaras ͓18͔ put forward a qualitative picture of VPP effects, aimed to reconcile the difference between the experiments ͓17͔ and the theory of Ref. ͓14͔ . This picture suggests a mechanism weakening the VPP effect, by invoking the unbinding of the vapor-liquid interface from the stack. We find however that the VPP effect is anyway quantitatively weak in the stacks with Nϭ100 or more manifolds, even if the high surface tension vapor-liquid interfaces are strongly bound to the stack. Another interesting prediction of our study is the existence of a reverse VPP effect that occurs in a range of small surface tensions ␥ ͑see Secs. II and III͒, or for vapor-pressure interfaces weakly coupled to smectic stacks ͑see Sec. IV͒. Under these conditions, we find that the average smectic period a N of finite smectic stacks (NϽϱ) is actually bigger than the average period of infinite smectic systems, a ϱ . We find that the ordinary VPP phenomenon, with a N smaller than a ϱ , requires interfacial tensions ␥ exceeding a critical threshold value ␥* ͑in the model of Secs. II and III͒, or a strong enough coupling between the smectic stack and vapor-liquid interface ͑see Sec. IV͒. The threshold surface tension ␥*ϭO(1)␦␥, where ␦␥ is the well known ''elastic'' surface tension of the interface of semi-infinite smectic liquid crystals ͓12,13͔, see Sec. II. Only for ␥Ϸ␥* Ϸ␦␥, finite smectic stacks (NϽϱ) are nearly uniform, with a N Ϸa ϱ ͑see the end of Sec. II and our recent study ͓12͔͒. Otherwise, for ␥ smaller ͑bigger͒ than ␥*, a N is bigger ͑smaller͒ than a ϱ , and the reverse ͑ordinary͒ VPP effect prevails.
An important feature of the study presented here is the calculation of the spatially nonuniform smectic layer spacings. We calculate them here as the function of the distance from smectic surfaces. Such a calculation has not been done in the previous studies of the VPP phenomenon. Thus, the theory of Podgornik and Parsegian ͓14͔ effectively assumes that the smectic spacings are uniform throughout the whole system. We show here that this is a grossly oversimplified picture, see Secs. II and III. In fact, we find that VPP phenomena themselves, i.e., the dependence of the smectic average period on the system size N, is, in large part, related to the behavior of nonuniform smectic spacings in the regions close to the smectic surfaces as discussed in Secs. II and III. This feature imposes severe limitations on the experimental observations of the VPP phenomena ͑see Sec. IV͒.
In this study, we show that invoking schematic similarities to standard pseudo-Casimir effects, as done in Ref. ͓14͔, obscures the real nature of the VPP effects, such as the important role played by ͑i͒ the layered character and ͑ii͒ the anharmonic effects in smectic liquid crystals. By consistently taking into account these two features, we show that VPP effects are thermomechanical anharmonic finite-size effects caused by spatially nonuniform thermal expansion of smectic interlayer distances, as detailed in Sec. II. Here, we go beyond the previous schematic physical picture of VPP phenomena that has attempted to formally reduce them to pseudo-Casimir effects ͓14͔. Essential for the physical understanding of VPP effects are the spatially nonuniform smectic interlayer distances which vary in magnitude as one moves from the stack surface to the center of the stack, as depicted in Fig. 1 ͑see Secs. II and III͒. In particular, the aforementioned reverse VPP effect is an anharmonic effect easily understood by considering the case of a membrane stack with zero surface tension at the stack interfaces. In this case all membranes are tensionless, and the major difference between membranes is in their coordination number, i.e., the number of their neighboring membranes. It is 1 for the two membranes at the bottom and the top of the stack, and it is 2 for other membranes. Because of this basic yet very important difference in the membrane confinement, the interlayer separation of the membrane at the stack surface ͑with just one neighbor͒ fluctuates more strongly than those of other membranes in the bulk ͑that are confined by two neighbors and thus have more constrained fluctuations͒. Due to this, thermal expansion ͑an anharmonic effect͒ of the interlayer distances is bigger close to stack surfaces than in the stack center ͑in the bulk͒, where the interlayer distance is close to its thermodynamic limit a ϱ ͓see Figs. 1͑a͒ and 1͑c͔͒. Hence, for zero or small enough surface tensions, the average period of the whole finite stack, a N , is bigger than the bulk ͑ther-modynamic limit͒ stack period of the corresponding infinite stack, a ϱ , and one has the reverse VPP effect in Fig. 1͑c͒ . By looking at the finite stack from the outside, this finite-size anharmonic effect looks like an effect of a repulsive Casimir force acting between stack surfaces. However, the physical origin of our reverse VPP effect is in the nonuniformity of interlayer distances arising because the surface membrane is more free to fluctuate than other membranes ͓see Fig. 1͑c͔͒ . Moreover, even the ordinary VPP effect, interpreted as the ''mechanical Casimir effect'' by Podgornik and Parsegian, is also more deeply related to the nonuniformity of interlayer distances. This point is obscured in the theory of Podgornik and Parsegian ͓14͔, by assuming that the smectic interlayer distances are uniform throughout the system. Only from the anharmonic theory presented in the present study, it becomes clear that the ordinary VPP effect is also intimately related to the nonuniformity of smectic interlayer distances ͓see Fig.  1͑b͔͒ : Here, large enough surface tension suppresses fluctuations of the membrane at the top of the stack. Consequently, thermal expansion of interlayer distances is smaller close to the stack surfaces than in the bulk. Thus, for large enough interfacial tensions, the average period of the whole finite stack, a N , is smaller than the bulk ͑thermodynamic limit͒ period of the corresponding infinite stack, a ϱ ͓see Figs. 1͑a͒ and 1͑b͔͒. From the outside, this ordinary VPP effect in Fig.  1͑b͒ appears as a stack contraction due to some attractive pseudo-Casimir force between stack surfaces. But, from the outside, one cannot see the spatially nonuniform smectic interlayer distances underlying the VPP effect. Thus, reducing VPP effects to mechanical Casimir effects, as suggested by Podgornik and Parsegian ͓14͔, obscures the real physical character of these effects. We elucidate these findings by our analytic theory ͑Sec. II͒, and document our results rigorously by Monte Carlo simulations of the stacks of semiflexible manifolds ͑Sec. III͒. The simulations clearly show the presence of the reverse VPP effect for small surface tensions ͑in accord with the analytical theory of Sec. II͒. At large enough surface tension, our simulations document the ordinary VPP effect with a magnitude in accord with the analytic theory of Sec. II. We note that the reverse VPP effect has been noticed already before, in our recent study ͓11͔, for the special case of zero surface tension. It may be unsurprising to see such an anharmonic effect that emerges simply because the membrane at the top of the stack is more free to fluctuate, and thus acquires a larger intermembrane spacing ͑i.e., larger thermal bond expansion͒ than the membranes deep in the stack ͓see Fig. 1͑c͔͒ . This effect is washed out by modeling the stack as a formal harmonic continuum ͑employed in the theory of Podgornik and Parsegian ͓14͔͒. By ignoring the layered character of the stack, effects such as our reverse VPP are simply lost due to formal continuum approach to the problem. Likewise, ignoring the realistic, layered character of smectic liquid crystals directly causes the huge overestimate of the strength of the ordinary VPP effect and aforementioned artifacts of the theory of Podgornik and Parsegian, such as the finite swelling of sterically stabilized lamellar phases of purely repelling membranes. These problems of the old theory of VPP effects, as well as the experi- with the average period a N ϭ͗h N Ϫh 1 ͘/(NϪ1). ͑b͒ depicts the ordinary VPP effect, with a N Ͻa ϱ , that occurs at large enough interfacial tensions. ͑c͒ depicts the reverse VPP effect, with a N Ͼa ϱ , that occurs at small enough interfacial tensions. ͑d͒ through ͑f͒ magnify three different situations at the stack interface. ͑d͒ There is a water layer between the outmost manifold and vapor, i.e., the water-vapor interface is bound to the outmost manifold ͑lipid bilayer͒. ͑e͒ There is no vapor, i.e., the water-vapor interface is unbound from the outmost lipid bilayer. ͑f͒ The outmost manifold is a lipid monolayer with tails in the vapor. ments of Katsaras ͓17͔, have urged the development of the consistent theory of VPP phenomena presented in this paper.
The organization of this paper is as follows. In Sec. II, we introduce the smectic stack model and derive our analytic predictions for the VPP effects. In Sec. III, we address these effects by an exact scaling analysis and by Monte Carlo simulations of entropically dominated smectic systems such as the sterically stabilized lamellar phases. In that section, we show that finite-size effects in these strongly entropic systems can be described quantitatively well by means of a simple analytic theory. In Sec. IV, we further discuss and summarize our findings. Some important details of our calculations are discussed in Appendixes A and B.
II. FINITE SMECTIC STACKS: ANALYTIC PREDICTIONS FOR NONUNIFORM INTERLAYER SPACINGS
In this section, we discuss finite (dϩ1)-dimensional smectic stacks of N fluctuating d-dimensional semiflexible manifolds under an external isotropic osmotic pressure P, see Fig. 1 . The microscopic smectic Hamiltonian for this stack of interacting manifolds is HϭH bulk ϩH sur f .
͑2.1͒
Here, the first term, the smectic bulk Hamiltonian has the usual form ͓11͔ 
where K sur f (1) (q) and K sur f (N) (q) are the surface dispersion relations of the stack interfacial manifolds h 1 and h N ͓h n (q) is the Fourier transform of h n (x)]. The form of these dispersion relations depends on the nature of the system interfaces, as illustrated in Fig. 1 , for the case of 3D multilamellar phases of lipid bilayer membranes (dϭ2). If there is a thin water layer between the outmost manifold and vapor, and the water-vapor interface is strongly bound to outmost manifold ͑for whatever reason͒ as in Fig. 1͑d͒ , the appropriate form of
with ␥ being the surface tension between water and vapor.
As noted by Nagle and Katsaras ͓18͔, under some conditions, the vapor-water interface may unbind from the outmost manifold and move away from it, as depicted in Fig. 1͑e͒ . For this case, the surface dispersion relation is simply that of the bilayer, K sur f (N) (q)ϭq 4 , i.e., the surface manifolds are ͑also͒ tensionless. Finally, the surface manifold may be a monolayer membrane with hydrophobic lipid tails in the vapor, see Fig. 1͑f͒ . For this case, K sur f (N) (q)ϭ mono q 4 ϩ␥q 2 with mono Ϸ/2, and ␥ is typically significantly smaller than the water-vapor surface tension. In Sec. IV, we detail on these complex phenomena and their influence on finite sizeeffects in smectic liquid crystals. In this section, we will focus on the basic model with the simple interface dispersion relation given by Eq. ͑2.4͒. For concreteness, here we consider the symmetric stacks as in Fig. 1 , with K sur f (1) (q) ϭK sur f (N) (q). An essential feature of our discussions here is consistent incorporation of the smectic discreteness, i.e., of the layered character of smectic liquid crystals. This is done by describing smectic liquid crystals microscopically, as stacks of interacting manifolds rather than by using the continuum Landau-Peierls model employed in Ref. ͓14͔ to discuss the VPP effects. Within harmonic phonon theory, such stacks have been discussed by Holyst and other authors ͓26͔. Already at harmonic level, the incorporation of smectic discreteness may bring new insights into smectic physics, as exemplified by the study of Lei et al., ͓27͔. Anharmonic effects in stacks have been also studied, in particular, in the investigations of sterically stabilized phases of semiflexible polymers and fluid membranes ͓11,12,20,22,23͔, and in the studies of closely related strongly entropic membrane systems ͓15,16͔, such as the recent work of Manciu and Ruckenstein ͓15͔ discussing the equation of state of a small stack with two bilayer membranes. In the discussions that follow hereafter, by consistently taking into account the discrete, layered character of smectic liquid crystals and anharmonic phonon effects, we will show that the essence of the VPP effects ͑see the Introduction͒ is in spatially nonuniform thermal expansion of smectic interlayer distances, which vary in magnitude as one moves from the stack interfaces towards the stack center. In other words, VPP effects are elucidated here as thermomechanical anharmonic finite-size effects present in finite smectic stacks of N semiflexible manifolds ͑such as membranes or semiflexible polymers͒. By considering these anharmonic effects, we will find here that the average period of the whole finite stack can be both smaller ͑ordinary VPP effect at high enough interface tensions͒ or bigger ͑reverse VPP effect at low interface tensions͒, relative to the average period of the corresponding infinite (Nϭϱ) smectic stack.
The presence of the surface tension ␥ may have substantial finite-size effects on various quantities of smectic systems, such as the average interlayer distances
and the average smectic period of the whole finite stack,
i.e., the equation of state relating a N and P for any given N. Indeed, the surface tension tends to suppress fluctuations of manifolds close to stack surfaces. With increasing ␥ we thus expect to encounter a crossover between our reverse VPP effect (a N Ͼa ϱ , at low ␥) and the ordinary VPP effect (a N Ͻa ϱ , at high ␥), which has been anticipated in the Introduction ͑see Fig. 1͒ . To study the behavior of a N (␥) as the function of N and ␥ analytically, in this section we will assume that the net intermanifold potential V net (r)ϭV(r) ϩ Pr in Eq. ͑2.2͒ ͓rϭh nϩ1 (x)Ϫh n (x)͔ has analytic minimum at r 0 and expand it in powers of rϪr 0 ,
. By truncating this expansion to the quadratic order, one obtains the standard harmonic approximation to the smectic Hamiltonian ͓26͔. Within the harmonic approximation ͓26͔ , the average interlayer distances, Eq. ͑2.5͒ are independent of N and n, and all equal to r 0 . Nonuniformity of smectic interlayer distances, i.e., the dependence of a N (n) on N and n, may emerge due to the anharmonic terms in the expansion of V net , such as the cubic term b 3 (rϪr 0 ) 3 /3! and higher-order terms ͓11͔. a N (n) can be calculated systematically via the loop expansion in powers of the temperature T, see Appendix A ͑also, Ref. ͓11͔, Appendix͒. To the lowest ͓O(T 1 )͔, one-loop order, one thus obtains
͑2.7͒
for average interlayer distances Eq. ͑2.5͒, and
͑2.8͒
for the average smectic period of the whole stack, Eq. ͑2.6͒. In Eqs. ͑2.7͒ and ͑2.8͒, u n is the manifold displacement from the Tϭ0 equilibrium position ͓h n (x)ϭnr 0 ϩu n (x)͔. The equilibrium average in Eq. ͑2.7͒ is done with respect to the harmonic smectic elastic Hamiltonian
͑2.9͒
For derivation and a simple physical interpretation of Eq. ͑2.7͒, see Appendix A. The second term in Eqs. ͑2.7͒ and ͑2.8͒, with typically b 3 Ͻ0, is just the thermal ''bond expansion'' of the local smectic layer spacing a N (n,␥) away from its Tϭ0 value r 0 . Importantly, this bond expansion is nonuniform, i.e., a N (n,␥) is n dependent, as depicted in Fig. 1 . Indeed, as detailed in Appendix A, the intermanifold distance a N (n,␥) and average smectic period a N (␥) are found ͓by Eqs. ͑2.7͒ and ͑2.8͔͒ to be of the form
͑2.11͒
Here
is the average smectic bulk (Nϭϱ) period. In Eqs. ͑2.10͒ and ͑2.11͒, ␥ signifies a dimensionless surface tension, defined via
͑2.13͒
Here, ␦␥ϭͱb 2
͑2.14͒
is the characteristic smectic surface tension scale, see Refs. ͓9,12,13͔, and our discussions at the very end of this section. For a finite N, the smectic interlayer spacings are different from its bulk value a ϱ in Eq. ͑2.12͒, as indicated by Eqs. ͑2.10͒ and ͑2.11͒, with
͑2.15͒
and
see Appendix A. In Eqs. ͑2.10͒-͑2.12͒, the quantities
, and a ϱ are all independent of the surface tension ␥. A d Ј in Eq. ͑2.18͒ is typically positive, i.e., b 3 Ͻ0, i.e., smectic bulk period Eq. ͑2.12͒ typically expands due to thermal fluctuations, a ϱ Ͼr 0 ͑see Ref. ͓11͔ and the discussions in the following͒. We stress that the only ␥-dependent terms in Eqs. ͑2.10͒ and ͑2.11͒ are the integrals I N (n,d,␥ ) and I N (d,␥ ). Their presence induces a dependence of the average interlayer distance a N (n) on the surface tension ␥. Far away from the system's surface (Nӷnӷ1), the dependence of a N (n) on ␥ and n disappears in the thermodynamic limit N→ϱ. Indeed, by Eqs. ͑2.10͒-͑2.14͒, one can easily show that
and thus
Likewise, for N→ϱ, the average smectic period a N in Eq. ͑2.11͒ approaches its bulk value a ϱ . This is illustrated in Fig. 2 which gives the ratio of I N (d,␥ )/I ϱ (d) for dϭ1 and dϭ2, for various values of the dimensionless surface tension ␥ ͓obtained by numerically integrating Eq. ͑2.16͔͒. Apparently from this figure, this ratio approaches 1 for whatever values of ␥ , and thus, by Eq. ͑2.11͒, a N →a ϱ in the thermodynamic limit N→ϱ. From Fig. 2 and Eq. ͑2.11͒, the stack average period a N (␥) has an interesting dependence on the surface tension ␥: Note that I N (d,␥ )ϾI ϱ (d) in a range of small values of ␥ , and a N (␥) is thus bigger than its bulk value a ϱ . On the other side, from Fig. 2 , to have a N (␥) Ͻa ϱ , the dimensionless tension ␥ needs to be bigger than a critical threshold value ␥ *ϭO(1), as detailed in the following ͓see Eqs. ͑2.29͒-͑2.34͔͒. Furthermore, the average interlayer spacings a N (n)ϭ͗h nϩ1 (x)Ϫh n (x)͘ in Eq. ͑2.10͒ also have an interesting dependence on the dimensionless surface tension ␥ ϭ␥/␦␥. This is illustrated in Fig. 3 , giving the numerically obtained ratio I N (n,d,␥ )/I ϱ (d) for the Nϭ20 manifolds stack. From Eq. ͑2.10͒, the local interlayer spacings a N (n) essentially follow this ratio as a function of n.
FIG. 2.
The ratio I N /I ϱ as a function of manifold number N for various values of dimensionless interface tension ␥ , for ͑a͒ 2D stacks of semiflexible polymers (dϭ1) and ͑b͒ 3D stacks of membranes (dϭ2). From top to bottom, the values of ␥ values are 0, 0.5␥ *, 1␥ *, 1, 5␥ *, 10␥ *, and ϱ. Note that, for the dimensionless interfacial tension Ϸ␥ *, the average stack period, Eq. ͑2.11͒, is nearly independent of the number of the manifolds N ͑see the end of Sec. II for discussions of this feature͒.
From Fig. 3 and Eq. ͑2.10͒, we see that, in a range of small values of ␥ , the local spacings a N (n) are actually bigger than the bulk period a ϱ , in accord with the aforementioned behavior of the average stack period a N . This feature is a manifestation of our reverse VPP effect ͓see the Introduction and Fig. 1͑c͔͒ . In fact, in Fig. 3 , only for the values of ␥ above a certain threshold, the interlayer spacings a N (n) are all smaller than a ϱ . This feature is the signature of the ordinary VPP effect ͓see the Introduction and Fig. 1͑b͔͒ . We discuss these effects in more detail later on in this section. Here, we stress that our results above have well defined, finite values in the limits of zero and infinite surface tension, ␥ ϭ0 and ␥ ϭϱ, as detailed in Appendix A ͓see Eqs. ͑A28͒-͑A33͔͒. We stress that for ␥ →0, the function Z(R) in Eq. ͑2.17͒ has well defined limit, Z(R)→Z 0 (R), with
For 3D smectic stacks of membranes (dϭ2), the integrals in Eqs. ͑2.15͒ and ͑2.16͒ can be calculated exactly in the limits ␥ ϭ0 and ␥ ϭϱ ͑see Appendix A͒. We obtain
͑2.22͒
We also find, for the intermembrane distances in Eq. ͑2.13͒,
͑2.24͒
To elucidate the physical phenomena implied by these results, we consider them in several practically interesting limits discussed in the following.
In practice, the number of the manifolds in smectic stacks is often large, Nӷ1. It is thus interesting to see the behavior of local smectic spacings a N (n) in semi-infinite smectic liquid crystals, i.e., to consider a N (n) for a fixed n in the limit N→ϱ. In this limit, from Eq. ͑2.10͒,
͑2.26͒
FIG. 3.
The ratio I N (n)/I ϱ as a function of n in a Nϭ20-manifold stack, for various values of the dimensionless surface tension ␥ . ͑a͒ 2D stacks of semiflexible polymers (dϭ1) and ͑b͒ 3D stacks of membranes (dϭ2). From top to bottom, the values of ␥ values are 0, 0.5␥ *, 1␥ *, 1, 5␥ *, 10␥ *, and ϱ. The inset shows that the interlayer distances, Eq. ͑2.10͒, become nearly uniform for the dimensionless interfacial tension Ϸ␥ * ͑see the end of Sec. II for discussions of this feature͒.
For nӷ1, we find the asymptotic expansion of Eq. ͑2.26͒,
Note that the asymptotic power law tail of a ϱ (n,␥)Ϫa ϱ ϳ⌬(n,␥ ) in Eq. ͑2.27͒ changes sign as ␥ ϭ␥/␦␥ crosses 1. Furthermore, for 3D stacks of membranes (dϭ2), we can calculate ⌬(n,d,␥ ) analytically for ␥ ϭ0,1, and ϱ. We obtain
Note that, from Eqs. ͑2.28͒ and ͑2.25͒, there is a simple relation between semi-infinite system with infinite and zero surface tension ␥,
The results in Eq. ͑2.28͒ also manifest a qualitative change of the smectic spacings as ␥ ϭ␥/␦␥ crosses 1. For values of ␥ other than 0, 1, and ϱ, one can obtain only numerical results for Fig. 4 . Overall, this figure and Eqs. ͑2.25͒-͑2.28͒ evidence the existence of the low-and high-␥ regimes, characterized by interlayer spacings bigger ͑for the low-␥ regime͒ or smaller ͑for the high-␥ ) than the bulk interlayer spacing a ϱ . We anticipate here that the low-␥ regime is directly related to the reverse VPP effect ͓see the Introduction and Fig. 1͑c͔͒ . Likewise, the high-␥ regime is directly related to the ordinary VPP effect in Fig. 1͑b͒ . We elucidate the physical nature of these two regimes in the following. Next, let us consider the case of a large but finite smectic stack with many manifolds, Nӷ1. In this limit, I N (d,␥ ) in Eq. ͑2.11͒ for the average smectic period can be asymptotically expanded,
͑2.29͒
where
͑2.31͒
For 3D stacks of membranes (dϭ2), C 1 (d,␥ ) in Eq. ͑2.30͒ can be calculated analytically, FIG. 4 . The ratio I ϱ (n)/I ϱ as the function n, in a semi-infinite manifolds stack (Nϭϱ), for various values of the dimensionless surface tension ␥ . ͑a͒ 2D stacks of semiflexible polymers (dϭ1) and ͑b͒ 3D stacks of membranes (dϭ2). From top to bottom, the values of ␥ are 0, 0.5␥ *, 1␥ *, 1, 5␥ *, 10␥ *, and ϱ. The inset shows that interlayer distances, Eq. ͑2.10͒, become nearly uniform for the dimensionless interfacial tension Ϸ␥ * ͑see the end of Sec. II for discussions of this feature͒. 
Here,
is an important characteristic length, as evidenced in the following. From Eqs. ͑2.33͒ and ͑2.34͒, for ␥ Ͼ␥ *, (␥)Ͻ0
and the average smectic period a N (␥) is smaller than the infinite smectic period a ϱ . Physically, this feature emerges due to the suppression of the thermal fluctuations of the manifolds close to the interfaces of the system, which is caused by surface tension of interfaces ͓as conceptualized in Fig. 1͑b͔͒ . Due to it, for the manifolds close to the stack surfaces, the fluctuation contribution to their interlayer spacings a N (n,␥) ͓the second, bond expansion term in Eq. ͑2.7͔͒ is smaller than in the bulk. Thus, for large enough surface tension, from Eqs. ͑2.7͒ and ͑2.8͒, both a N (n,␥) and a N (␥) are smaller than the bulk smectic period a ϱ ͓we recall that b 3 in Eqs. ͑2.7͒ and ͑2.8͒ is typically negative͔. This feature is the signature of the ordinary VPP effect anticipated in the Introduction ͓see Fig. 1͑b͔͒ . On the other side, in the range of small surface tension ␥ Ͻ␥ *, from Eqs. ͑2.33͒ and ͑2.34͒, (␥)Ͼ0, and the average smectic period a N (␥)actually exceeds its bulk value a ϱ . This feature is the signature of our reverse VPP effect anticipated in the Introduction ͓see Fig.  1͑c͔͒ . As noted therein, this effect can be physically rationalized by considering the ␥ ϭ0 limit. Then, all manifolds are tensionless, but the surface manifolds ͑with just one neighbor͒ are obviously more free to thermally fluctuate than other manifolds ͑confined by two neighbors͒. Consequently, for small enough surface tensions, the thermal bond expansion of interlayer spacings ͓the second bond expansion term in Eq. ͑2.7͔͒ is bigger for the manifolds close to stack surfaces than for those in the bulk, as evidenced above by our quantitative results for ␥ Ͻ␥ *. Thus, for small enough surface tension, from Eqs. ͑2.7͒ and ͑2.8͒, both a N (n,␥) and a N (␥) are bigger than the bulk smectic period a ϱ , and one has our reverse VPP effect, as depicted in Fig. 1͑c͒ . Thus, by consistently taking into account the discrete, layered character of smectic liquid crystals, and anharmonic phonon effects, the above theory shows that the essence of VPP effects is in spatially nonuniform thermal expansion of smectic interlayer separations. The average period of the whole finite stack can be both smaller ͑ordinary VPP effect at high enough interfacial tensions͒ or bigger ͑a reverse VPP effect at low interfacial tensions͒, relative to the average period of the corresponding infinite smectic stack, see Fig. 1 . Looking at stacks from the outside, these two effects show up as if there is an attractive ͑for the ordinary VPP effect͒ or repulsive ͑for the reverse VPP effect͒ pseudo-Casimir force acting between the two stack interfaces. However, the physics of VPP effects is obscured by schematically invoking Casimir-like forces. Rather, the ordinary and the reverse VPP effects are to be both characterized as anharmonic effects caused by a spatially nonuniform thermal expansion of smectic interlayer distances. Interlayer distances close to stack surfaces expand less ͑more͒ for the ordinary ͑reverse͒ VPP effect than the interlayer distances deep in the stack, see Figs. 1͑a͒-1͑c͒. The reverse VPP prevails at low interface
as functions of ␥ for ͑a͒ 2D stacks of semiflexible polymers (dϭ1) and ͑b͒ 3D stacks of membranes (dϭ2). C 1 (d,␥ ) goes to zero for ␥ →␥ *(d). For dϭ1, ␥ *ϭ0.76; for dϭ2, ␥ *ϭ0.592. We note that, for dϭ1, C 1 (d ϭ1,␥ ϭ0)ϭ0.82, C 1 (dϭ1,␥ ϭϱ)ϭϪ1.56, whereas, for dϭ2, C 1 (dϭ2,␥ ϭ0)ϭ2Ϫ/2, C 1 (dϭ2,␥ ϭϱ)ϭϪ/2. These values are in accord with the exact relation
, by noting that I ϱ (dϭ2)ϭB(1/2,1)ϭ2, and I ϱ (dϭ1)ϭB(3/4,1/2)ϭ2.3963.
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tensions simply because the membrane at the top of the stack is then more free to fluctuate than membranes in the bulk. Therefore, for low interface tensions, thermal expansion of interlayer distances ͑an anharmonic fluctuation effect͒ is bigger close to stack interfaces than in the stack center, where interlayer spacing is close to its thermodynamic limit a ϱ . Thus, at low surface tensions, the average period of the whole finite stack, a N , is bigger than a ϱ and one has the reverse VPP effect in Fig. 1͑c͒ . By increasing interface tension above a threshold value, fluctuations of the membrane at the stack surface become suppressed, and the ordinary VPP effect in Fig. 1͑b͒ prevails. For this effect too, the spatial nonuniformity of thermal expansion plays the essential role: Here, the thermal expansion of interlayer distances ͑the same anharmonic fluctuation effect͒ is smaller close to stack interfaces than in the stack center, where interlayer spacing is close to its thermodynamic limit a ϱ . Thus, at high enough surface tensions, the average period of the whole finite stack, a N , is smaller than a ϱ . Previous Podgornik-Parsegian theory of VPP ͓14͔ obscures the essential role played by the nonuniformity of smectic interlayer distances, by simply assuming that they are uniform throughout the system. Within this assumption, the difference between the average period of the whole finite stack a N and its bulk value a ϱ is attributed to an extra pressure ⌬ P ͑pseudo-Casimir pressure͒ acting on the smectic stack interfaces in addition to the osmotic pressure. Within this interpretation, the average period a N (d,␥) of a finite stack can be written by using the infinite stack equation of state, a ϱ ϭ f ϱ ( P), with P replaced by Pϩ⌬ P,
Thus, for Nӷ1, the extra pressure is given by
From Eqs. ͑2.36͒, ͑2.33͒ and ͑2.34͒ we find
with B sm ϭϪa(‫ץ‬ P/‫ץ‬a) being the usual smectic compressibility modulus ͑see, e.g., Ref. ͓11͔͒ and L z ϷNa ϱ being the height of the stack. For ␥ Ͼ␥ *, the extra ͑Casimir͒ pressure ⌬ P is positive for the ordinary VPP effect, as if the stack interfaces would be attracting each other. Conversely, for ␥ Ͻ␥ *, ⌬ P is negative for the reverse VPP effect, as if there is a repulsive pseudo-Casimir force between the stack interfaces.
However, the above schematic interpretation of the VPP effects in terms of the pseudo-Casimir pressure obscures the real nature of these effects, namely, the essential role played by the nonuniform thermal expansion of the smectic interlayer distances. Indeed, a true extra osmotic pressure ⌬ P would induce a uniform strain a N (n)Ϫa ϱ throughout the bulk, that would be, from Eq. ͑2.37͒, proportional to ⌬ P ϳ1/N. However, this is not the case, as evidenced in Fig. 3 . For example, close to the center of the stack (nϷN/2), we find
with n mid ϷN/2 ͓much similar to the result in Eq. ͑2.27͔͒. In fact, the leading 1/N contribution to the difference between the average stack period a N and its bulk value a ϱ comes from the regions that are close to the two stack interfaces. To see this, let us rewrite Eq. ͑2.6͒ as
For Nӷ1, the sum in Eq. ͑2.39͒ can be asymptotically evaluated by using the semi-infinite smectic spacing profile a ϱ (n), and by recalling that both smectic interfaces contribute to the sum. Thus, for Nӷ1,
exactly. In Eq. ͑2.41͒, the factor of 2 emerges simply because both stack interfaces contribute to the sum in Eq. ͑2.39͒. In the semi-infinite system, a ϱ (n)Ϫa ϱ ϳ1/n 1ϩd/2 Ӷ1/n and the sum in Eq. ͑2.41͒ is finite, suggesting, using Eq. ͑2.40͒, that the difference a N Ϫa ϱ is dominated by the behavior of the smectic spacings close to the stack surfaces. We note that our previous one-loop results also reflect this exact asymptotic behavior in Eqs. ͑2.40͒ and ͑2.41͒. In fact, the one-loop result for (␥) in Eq. ͑2.34͒ can be shown to be consistent with Eq. ͑2.41͒, by noting that ⌬(n,␥ ) in Eq. ͑2.26͒ is actually related to C 1 (␥ ) in Eq. ͑2.30͒ via the identity C 1 (␥ ) ϭ2 ͚ nϭ1 ϱ ⌬(n,␥ ). The one-loop result shows that the characteristic length (␥) is intimately related to the thermal expansion of the stack. Indeed, using Eq. ͑2.12͒, A d Јϭ(a ϱ Ϫr 0 )/I ϱ (d). Thus, using Eq. ͑2.34͒,
for Nӷ1, to one-loop order. More generally, for any N, from Eqs. ͑2.11͒ and ͑2.12͒,
to one-loop order. We recall that the ratio
here is given by Fig. 2 , for dϭ1 and 2, whereas I ϱ (d) ϭB(1Ϫd/4,d/2), so I ϱ (dϭ2)ϭ2 and I ϱ (dϭ1)Х2.3936. Equations ͑2.42͒-͑2.44͒ manifestly show that the strength of the finite-size effect of the surface tension ␥ crucially depends on the magnitude of a ϱ Ϫr 0 , i.e., the thermal expansion of the smectic bulk period a ϱ away from r 0 minimizing the net intermanifold potential V net (r)ϭV(r)ϩ Pr. To exemplify our results, let us consider the system studied in the experiments of Katsaras ͓17͔, aimed to investigate the VPP phenomenon ͑see Sec. I͒. He studied multilamellar L ␣ phase of bilayer DMPC fluid membranes (dϭ2). The bare intermembrane potential for these systems of neutral lipids is the sum of van der Waals attraction and hydration force repulsion, 3 exp(l/ h ), yielding potential minimum at l 0 ϭr 0 Ϫa min Ϸ6.5 h Ϸ1.243 nm, i.e., r 0 ϭ5.64 nm. Due to thermal fluctuations, the stack average period expands away from r 0 to the true equilibrium value a N . The magnitude of this thermal expansion, for the infinite stack (Nϭϱ), can be estimated by Eqs. ͑2.12͒, ͑2.18͒, and ͑2.45͒, to be, for P ϭ0,
2ͱ2H .
͑2.46͒
With l 0 / h Ϸ6.5 as found above, one finds for DMPC, a ϱ Ϫr 0 Ϸ0.411 nm for the thermal period expansion in the bulk (Nϭϱ). This estimate can be now easily combined with Eq. ͑2.43͒ to see the conditions needed for the finite-size VPP effects to be observed in the experiments of Katsaras with L ␣ phases of DMPC membranes (dϭ2). For this purpose, we recall that here dϭ2, and Eq. ͑2.43͒ is to be used with I ϱ (dϭ2)ϭ2, whereas C 1 (␥ ,dϭ2) is given by the simple closed formula in Eq. ͑2.32͒, depicted in Fig. 5͑b͒ versus ␥ ϭ␥/␦␥. We stress that the values of C 1 are confined in a finite range between the values C 1 ϭ2Ϫ/2Ͼ0 reached for ␥ →0, and C 1 ϭϪ/2Ͻ0 reached for ␥ →ϱ, ͓see, also, Fig.  5͑b͔͒ . With this range in mind, and by recalling that a ϱ Ϫr 0 Ϸ0.41 nm as found above, we see that Eq. ͑2.43͒ indicates that ͉a N (␥)Ϫa ϱ ͉ is less than 0.03 nm ͑the maximum accuracy in the experiments of Katsaras ͓17͔͒ already for N Ͼ10 membranes, and for whatever value of the surface tension ␥. In fact, for Nϭ600-1800 membranes, as in the investigation of Katsaras ͓17͔, the magnitude of the VPP finitesize effect in our Eq. ͑2.43͒ is ͉a N Ϫa ϱ ͉ϳ3ϫ10 Ϫ5 nm, far below the experimental resolution. Our results thus explain the enigmatic absence of noticeable VPP effects in these experiments ͑see Sec. I͒. As ͉a N Ϫa ϱ ͉ϳ(a ϱ Ϫr 0 )/N, the primary limiting factor for the VPP phenomenon is a typically small value of the stack period thermal expansion a ϱ Ϫr 0 . From our results, the best systems to study VPP effects are relatively small stacks, with Nϭ10-20 membranes. It is interesting to note that membrane stacks are in practice frequently asymmetric. For example, in the recent experiment of Vogel et al. ͓28͔, one membrane is supported on a solid substrate ͑corresponding to ␥ϭϱ limit͒, while the other one was free to fluctuate in water ͓as in Fig. 1͑e͒, corresponding to ␥ϭ0]. We are not going to pursue here a detailed discussion of asymmetric stacks. We just note that, by a reasoning similar to that yielding Eq. ͑2.30͒, for asymmetric stacks, one also has the exact asymptotic formula
Here ϭ( 1 ϩ 2 )/2, with, to one-loop order, i
, where ␥ 1 and ␥ 2 are interfacial tensions of the upper and lower interfaces of the stack. Thus, the finite-size VPP effects are shown here to be significantly limited by the size N of the stack, and by the practically modest thermal expansion effects. Small stacks with 10-20 manifolds ͑such as the thin smectic films ͓26͔͒ would be best to use to investigate these effects in future experiments. We note that the validity of the one-loop theory pursued in this section is, in part, only qualitative, if this theory is to be applied ͑at room temperature͒ to strongly anharmonic potentials with sharp minima, such as the potential in Eq. ͑2.45͒. For this potential, at room temperature, two-and higher-loop corrections are comparable to the oneloop result. For this reason, in Sec. III we consider in detail systems with strongly anharmonic potentials, with sharp nonanalytic minima. Interestingly, there we find that VPP effects in these entropically dominated systems are both qualitatively and quantitatively similar to those found in this section, and can be understood by the one-loop theory applied to effective ͑coarse-grained͒ potentials acting between manifolds, see Sec. III. Finally, we stress that the analytic results discussed in this section are presented in the continuum limit ⌬x→0, with ⌬x being the manifold shortdistance cutoff ͓e.g., for membranes, ⌬xϭlipid molecule size͔. In fact, the stack model has a finite continuum limit for dϽ4, and the corrections due to a finite molecular size ⌬x are small in practical situations ͓see the end of Appendix A͔.
Finally, we comment on the magnitude of the characteristic value of the interface tension separating the regimes of the reverse and the ordinary VPP effects. From the results of this section, the crossover between the two regimes occurs for the interface tension ␥*ϭ␥ *•␦␥ϭ␥ *ͱb 2
ϭO (1) Fig.  1͑a͔͒ . Thus, for ␥Ϸ␥*, one has a N Ϸa ϱ , as evidenced in Fig. 2 ͓here, recall Eq. ͑2.11͔͒. We direct readers to Ref. ͓12͔ for details of this interesting effect in finite smectic stacks with interfacial tensions ␥Ϸ␦␥.
III. FINITE-SIZE EFFECTS IN ENTROPICALLY DOMINATED SMECTIC STACKS
In this section, we consider finite-size effects in the stacks of manifolds interacting through strongly anharmonic potentials, with nonanalytic minima. Typical examples are sterically stabilized phases of manifolds interacting through the hard-core potential of the form
Here, as in Sec. II, rϭh nϩ1 (x)Ϫh n (x), and a min is the manifold thickness setting the smallest possible period of the smectic phase. The net potential V net (r)ϭV(r)ϩ Pr has a nonanalytic minimum at rϭa min ͓see Fig. 6͑a͔͒ and the perturbation theory of Sec. II can not be directly applied to these smectic systems of great practical and theoretical interest ͓2,10-12,21-23͔. As pointed out for the first time by Helfrich ͓10͔, the equation of state in these sterically stabilized systems is purely entropic in character of the form ͓11͔
in the thermodynamic limit N→ϱ. Here, for 2D smectic phases of semiflexible polymers (dϭ1), ␤ ϱ (dϭ1)Х0.611 ͑as recently found by us in Ref. ͓11͔͒, whereas for 3D smectic phase of membranes (dϭ2), ␤ ϱ (dϭ2)Х0.595 ͑see Refs. ͓22,23͔, and the discussion in the following͒. Highly entropic character of the equation of state ͑3.2͒ is physically described by introducing the concept of the effective repulsive potential, of the form
Minimization of the effective net potential V net (r)ϭV e f f (r) ϩ Pr gives the steric equation of state ͑3.2͒. We stress that the above results apply for dϽ4, when the free semiflexible manifolds are thermally rough. Then, also, the stack model has perfect continuum limit ⌬x→0, with ⌬x, for example, the lipid molecule size, in the application to lamellar phases of membranes (dϭ2), see Appendix A.
In the following we will study the finite-size effect in these system, by means of an exact scaling analysis and Monte Carlo simulations. It will be shown that these results may be rationalized by the analytic results of Sec. II, provided one assumes that manifolds interact by effective FIG. 6 . ͑a͒ The net potential for sterically stabilized systems, V net (r)ϭV hc (r)ϩ Pr. ͑b͒ A model potential for bound stacks of manifolds. For PϭU 0 /(a max Ϫa min ), potentials in ͑a͒ and ͑b͒ are the same for rϽa max .
coarse-grained potentials such as that in Eq. ͑3.3͒. Besides the direct interest for the unbound stack of manifolds ͓with a ϱ →ϱ for P→0, as in Eq. ͑3.2͔͒, our results will shine more light also on the behavior of bound stacks of manifolds, in the situation in which potentials have analytic but sharp minima, yielding strong anharmonic effects of thermal fluctuations. When the intermembrane distance fluctuates far away from the sharp analytic or nonanalytic minimum of the potential, such as in Fig. 6͑b͒ , analytic details of the potential close to its minimum do not matter. For example, the sharp nonanalytic potential minimum in Fig. 6͑b͒ can be slightly rounded and replaced by a sharp analytic minimum. Such a change cannot affect significantly fluctuations of intermembrane distance, if their magnitude is bigger than the size of the rounded range. Such situations are frequently realized in practice at room temperature ͑see the end of Sec. II͒. Intermembrane distance may strongly fluctuate far away from the sharp minimum of the intermembrane potential. The sum of the full perturbation theory is divergent in such situations, indicating that the fluctuations behave as in potentials with sharp nonanalytic minima, such as the potential depicted in Fig. 6͑b͒ . This potential has a finite range a max , but for r Ͻa max , it has exactly the same shape as the net potential for the sterically stabilized systems, V net (r)ϭV hc (r)ϩ Pr, Fig.  6͑a͒ , provided PϭU o /(a max Ϫa min ), with U 0 being the depth of the binding potential in Fig. 6͑b͒ . Away from the unbinding transition (a ϱ Ϫa min Ӷa max Ϫa min ), the binding potential in Fig. 6͑b͒ should yield the same physics as the net potential of the unbound sterically stabilized systems under a nonzero osmotic pressure, Fig. 6͑a͒ . Thus, by studying it, one can learn more also on the aforementioned strong entropic effects in the bound stack of manifolds.
We proceed by considering the stack Hamiltonian, Eqs. ͑2.1͒-͑2.4͒, with purely hard-core intermanifold interaction potential in Eq. ͑3.1͒. We will use the fact that the stack model for dϽ4 has finite continuum limit ⌬x→0 ͑see Appendix A, and, also, Ref. ͓11͔͒. The x coordinate can be thus treated as continuous, and the stack model can be thus freely rescaled for the physically interesting manifolds with dϭ1 ͑semiflexible polymers͒ or dϭ2 ͑membranes͒. Here, it is convenient to do this rescaling as follows:
͑3.4͒
This transformation maps the stack model with a min 0, into an isomorphic model with a min ϭ0, and the rescaled parameters
From Eq. ͑3.4͒, we have, for the average intermanifold spacings,
͑3.6͒
It is convenient to fix the rescaling constants Z x and Z h by the conditions
yielding, from Eq. ͑3.5͒,
͑3.8͒
and from Eq. ͑3.6͒,
͑3.9͒
͑3.10͒
is the average done with respect to the rescaled stack Hamiltonian with the reduced parameters P Јϭ1, Јϭ1, as in Eq.
͑3.7͒, whereas, by using Eqs. ͑3.8͒ and ͑3.5͒,
͑3.11͒
The reduced rescaled stack Hamiltonian thus has the form
Here, the hard-core potential V hc is as in Eq. ͑3.1͒ with a min ϭ0. Notably, the average Eq. ͑3.10͒, done with respect to the Hamiltonian in Eq. ͑3.12͒, depends only on a single dimensionless parameter ␥ Ј defined in Eq. ͑3.11͒. There is a close relationship between ␥ Ј and the dimensionless surface tension ␥ ϭ␥/␦␥ introduced in Sec. II ͓see Eqs. ͑2.13͒ and ͑2.14͔͒: From Eq. ͑2.14͒, with b 2 ϭd 2 V e f f /da 2 , and from Eq. ͑3.3͒, we find that, for the sterically stabilized smectic liquid crystals,
͑3.13͒
From Eqs. ͑3.13͒ and ͑3.2͒, one also has FINITE-SIZE THERMOMECHANICAL EFFECTS IN . . .
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͑3.14͒
Thus, by using Eqs. ͑3.14͒ and ͑3.11͒,
͑3.15͒
So, the parameter ␥ of Sec. II is simply proportional to the parameter ␥ Ј here, which is the single parameter of the rescaled reduced Hamiltonian Eq. ͑3.12͒ to be used to find the constants ␤ N (n,d,␥ Ј) by doing the average in Eq. ͑3.10͒. 
͑3.17͒
It is enlightening to express the above exact results in a form very similar to that we had in Sec. II: Using Eqs. ͑3.2͒, ͑3.9͒, and ͑3.16͒, we have
to be compared with Eqs. ͑2.10͒ and ͑2.11͒. We also have, using Eqs. ͑3.16͒ and ͑3.2͒,
to be compared with Eq. ͑2.44͒. Obviously, the dimension- II for our criticism of schematically using here the concept of such forces͒. Local interlayer distances a N (n) that we find here also behave in a similar way as in Sec. II: Compare Fig.  3͑a͒ of Sec. II with Fig. 7͑b͒ here, both evidencing the crossover from the reverse to the direct VPP effect regime with increasing surface tension. Overall, the exact results from our simulations reflect the same crossover behavior we revealed in Sec. II, from the one-loop perturbative results. This obser- vation is striking, having in mind that the perturbation theory a priori cannot be directly applied to bare potentials with nonanalytic minima, as in Fig. 6 . Moreover, somewhat surprisingly, we will show in the following that the similarity between the simulations data and one-loop results is not only qualitative. It will be argued on quantitative grounds that the simulations results can be very well quantitatively understood by assuming that the strongly entropic system ͑with nonanalytic intermanifold potentials, as in Fig. 6͒ can be described by analytic coarse-grained potentials, similar to the standard steric repulsion effective potential in Eq. ͑3.3͒. In fact, our simulation results in Fig. 7 for 2D smectic stacks of semiflexible polymers (dϭ1) suggest some even more remarkable features.
͑a͒ All the data can be fit, within a few percent accuracy, by using just one-loop formulas such as Eqs. ͑2.10͒ and ͑2.11͒. Applied to the reduced Hamiltonian of this section, Eq. ͑3.12͒ ( P Јϭ Јϭ1), this means . These values provide also the good fits to the simulations data for ␤ N (n,dϭ1,␥ Ј) in Fig. 7͑b͒ , by using the one-loop formula in Eq. ͑3.21͒. ͑b͒ Another surprising finding is that these results for 2D sterically stabilized smectic phases of semiflexible polymers (dϭ1) can be rationalized simply by assuming that the appropriate coarse-grained potential to be used in the one-loop formulas ͑3.21͒ and ͑3.22͒ is exactly the same as the standard effective potential for the sterically stabilized smectic liquid crystals, Eq. ͑3.3͒. Indeed, by using Eq. ͑3.3͒ ͓with k B Tϭ ϭ1, and a min ϭ0, as in the reduced rescaled Hamiltonian Eq. ͑3.12͔͒, we find, using Eq. ͑2.18͒,
͑3.23͒
For dϭ1 (S dϭ1 ϭ2), with ␤ ϱ (dϭ1)Х0.611, Eq. ͑3.23͒ indeed gives A dϭ1 Ј Х0.161, in a remarkable agreement with the aforementioned value of A dϭ1 Ј fitting well all our Monte
Carlo simulations in Fig. 7 . Let us summarize our quantitative findings on 2D smectic stack of semiflexible polymers (dϭ1) with purely hard-core repulsive ͓or with a binding potential as in Fig. 6͑b͒ , in the regime away from the unbinding transition͔: The nonuniform interpolymer spacing a N (n,␥) and the average smectic period a N (␥) are exactly given, respectively, by Eqs. ͑3.18͒ and ͑3.19͒. The ␤-constants therein are given, to a very good approximation, by Eqs. ͑3.21͒ and ͑3.22͒, with ␤ ϱ (dϭ1) Х0.611, and A dϭ1 Ј Х0.161, and ␥ therein given by ␥ ϭͱ3␤ ϱ (dϭ1)/5•␥ ЈХ0.605␥ Ј ͓after Eq. ͑3.15͔͒. Here, the dimensionless surface tension ␥ Ј is related to the actual surface tension ␥ by Eq. ͑3.11͒.
We would like to note that this excellent agreement with the one-loop fitting formula was found by fitting the results of Monte Carlo simulations done in a moderate range of surface tensions ͑up to ␥ Јϭ10, as in Fig. 7͒ . It should be stressed however that our one-loop fitting formula remains very good even for very large values of the surface tension ␥, and for small systems with just Nϭ3 semiflexible polymers ͑when one would normally suspect the use of a coarsegrained potential͒. Indeed, we are able to solve exactly the Nϭ3 polymers stack model in the limit of infinite surface tension. The details are given in Appendix B, with the result
This is less than 5% smaller than the approximate value obtained by our one-loop formula Eq. ͑3.22͒, yielding ␤ Nϭ3 (dϭ1,␥ϭϱ)Х0.438. Figure 8͑a͒ gives our one-loop formula results for ␤ N (dϭ1,␥) versus N for ␥ϭ0 and ϱ ͓solid lines͔, as obtained by Eq. ͑3.22͒ with ␤ ϱ (dϭ1) Х0.611 and A dϭ1 Ј ϭ0.161.
Furthermore, in Fig. 8͑b͒ , we include also the corresponding results for 3D sterically stabilized smectic phases of membranes (dϭ2), by giving ␤ N (dϭ2,␥) versus N for ␥ ϭ0 and ϱ ͓solid lines͔, as obtained by Eq. ͑3.22͒ with ␤ ϱ (dϭ2)Х0.595 and A dϭ2 Ј Х0.190. As detailed in Appendix B, we have obtained these values by relating the present constant osmotic pressure ensemble, in the limit ␥ϭϱ, to the ensemble of membranes stacked between hard walls, that has been extensively studied over recent years ͓22,23͔. As for dϭ1, for dϭ2 we also find that the one-loop formula Eq. ͑3.22͒ provides a very good fit to the existing data, both for ␥ϭϱ and for ␥ϭ0 ͓20͔. For these two values of ␥, Eq. ͑3.22͒, and Eqs. ͑2.21͒ and ͑2.22͒ provide nice closed formulas for the universal constants of membrane stacks
depicted in Fig. 8͑b͒ . The limits ␥ϭ0 and ␥ϭϱ play special role in the applications of our theory to the realistic system, as detailed in Sec. IV. In contrast to the dϭ1 case, for membranes (dϭ2), the value A dϭ2 Ј Х0.190 obtained by fitting to the data is substantially different from the value that would be suggested by Eq. ͑3.23͒ ͑yielding A dϭ2 Ј ϭ0.119). This difference simply indicates that the appropriate coarse-grained potential is not exactly the same as the standard effective potential Eq. ͑3.3͒. We note that these two potentials need not be identical. Their near coincidence that we found for 2D sterically stabilized smectic stacks of semiflexible polymers (dϭ1) is thus a puzzling but not essential feature of our discussions here. Overall, the one-loop theory results provide quantitatively very good description of finite-size effects in sterically stabilized smectic stacks of both semiflexible polymers and membranes. With this in mind, using Eqs. ͑3.20͒ and ͑3.22͒, we have, for the smectic period a N (␥), 
versus N for ␥ϭ0 and ϱ, for the layer in the middle of the stack with nϭn mid ϭN/2 for N even, and n mid ϭ(Nϩ1)/2 for N odd. All the data are obtained by using ␤ ϱ (dϭ1)ϭ0.611 and A dϭ1 Ј ϭ0.161, whereas ␤ ϱ (dϭ2)ϭ0.595 and A dϭ2 Ј ϭ0.190.
͑3.33͒
Let us now address the magnitude of these effects, in relation to our previous discussion of the experiments of Katsaras ͓17͔ aimed to investigate the VPP phenomenon ͑see Sec. I, and the end of Sec. II͒. As noted before in this section, at room temperature the actual experimental membrane system may be characterized as a strongly entropic system with bare binding potential with a sharp minimum, of the form depicted in Fig. 6͑b͒ . Away from membrane unbinding transition, the physics going with this potential is the same as in the sterically stabilized phases under an osmotic pressure ͑re-call the discussion of Fig. 6͒ . We can thus use the above results to argue about the visibility of VPP effects in the experimental system of Katsaras with the bound stacks of DMPC membranes ͓17͔. For these systems, experimentally the stack period a ϱ Ϸ6.2 nm, whereas a min can be identified with the position of the minimum of potential ͑2.45͒, a min Хr 0 Ϸ5.64 nm, by the results of Sec. II. Thus, the thermal stack period expansion a ϱ Ϫa min Хa ϱ Ϫr 0 Ϸ0.56 nm. For example, let us consider the limit ␥ϭϱ, where the VPP effect is the strongest. From Eqs. ͑3.31͒ and ͑3.28͒, a N Ϫa ϱ ϷϪ0.501ϫ0.56 nm/NϷϪ0.28 nm/N. Thus, with N in the range between Nϭ600 and 1800 membranes, as in the experiments of Katsaras ͓17͔, a N Ϫa ϱ is in the range between Ϫ4.6ϫ10 Ϫ4 nm and Ϫ1.6ϫ10 Ϫ4 nm. So, the magnitude of the finite-size effect, a N Ϫa ϱ , is hundred times smaller than 3ϫ10 Ϫ2 nm, which is the maximum accuracy in the experiments of Katsaras ͓17͔. Thus, our results well explain the absence of a noticeable VPP effect in these experiments. By requiring that ͉a N Ϫa ϱ ͉ be within the experimental accuracy, one has 0.28 nm/NϾ3ϫ10 Ϫ2 nm, yielding NϽ9 membranes. Thus, for NϾ10 membranes, the VPP effect becomes practically unobservable in these experiments. Recall that we have reached quantitatively the same conclusion in our discussions in Sec. II, through the application of the one-loop theory to the bare interaction potential ͑2.45͒, which is marginally strongly entropic at room temperature. It has been pointed out however that the results obtained in that way may be unwarranted ͑at room temperature͒. It is thus pleasing to see that the more careful treatment of strong entropic effects, presented in this section, yields nearly the same quantitative estimates. It should be stressed that this is not a result of a simple coincidence, but rather a consequence of the fact that a strongly entropic system can be quantitatively well treated by the one-loop theory in combination with suitably defined effective potentials. Due to this, we had a strong similarity of the results presented in this section with the results of Sec. II. Thus, Eq. ͑3.27͒ of this section can be given in the form . Understanding this ͑at least approximate͒ superuniversality of Q(d) is beyond our scope here. We point it however as an inspiration for future studies. Another ͑likely related͒ aspect left for future studies is to explain the high accuracy provided by the simple one-loop formulas in fitting the results from Monte Carlo simulations. How come that we did not need, say, two-loop contribution to fit all the results with a high ͑few percent͒ accuracy? Finally, let us elucidate the behavior of the local smectic ͑intermanifold͒ interlayer distances, a N (n)ϭ͗h nϩ1 (x) Ϫh n (x)͘, for the nth layer of an N-manifold stack. For them we have, from Eqs. ͑3.2͒, ͑3.18͒ and ͑3.21͒,
͑3.35͒
In Fig. 9 , we plot the ratio I N (n,d,␥ )/I ϱ (d) for the interesting limits ␥ϭ0 and ␥ϭϱ, for dϭ1 and dϭ2, for stacks of various sizes N. It is instructive to compare the local interlayer distances in Eq. ͑3.35͒ with their stack average value a N (␥), see Eqs. ͑3.20͒ and ͑3.34͒. From Eq. ͑3.35͒ and Fig.  9 , we see that, for stacks with NϾ10 manifolds, highly nonuniform interlayer distances occur only close to the stack surfaces. The interlayer distances close to stack center, a N (n mid ) with n mid ϷN/2, approach their thermodynamic limit more quickly than the average stack period a N . This is evidenced in Fig. 8 , depicting ␤ N ͑solid lines͒ for the whole stack period ͓see Eq. ͑3.20͔͒, and ␤ N (n mid ) ͑dashed lines͒ for the interlayer distances at the stack center ͓see Eq. ͑3.35͔͒. Obviously, ␤ N (n mid ) approaches its thermodynamic limit ␤ ϱ more quickly than ␤ N . Thus, importantly, ͉a N (n mid ,␥)Ϫa ϱ ͉Ӷ͉a N Ϫa ϱ ͉ for Nӷ1. In fact, recall that a N Ϫa ϱ ϳ1/N, whereas, from Eq. ͑3.35͒, ͉a N (n mid )Ϫa ϱ ͉ ϳ1/N 1ϩd/2 , as already noted in Sec. II. It follows that the main contribution to the difference a N Ϫa ϱ comes from the layers close to the stack interfaces rather than those close to its center. Figure 9 clearly documents this feature ͓see also Sec. II, Eqs. ͑2.38͒-͑2.41͒, and discussions therein͔. Experimental implications of this fact are discussed in Sec. IV ͓see item ͑4͒ therein͔.
IV. COMMENTS AND SUMMARY
We begin this section by commenting on the effects of a typically large value of water liquid-vapor surface tension ␥. It will be convenient to express ␥ as
͑4.1͒
Here, l ␥ ϭͱk B T/␥ is a characteristic surface tension length scale. Typically, l ␥ is small compared to the lamellar phase period a. Indeed, with ␥Ϸ70ϫ10 Ϫ3 J/m 2 , one has l ␥ Ϸ0.24 nm at room temperature, whereas aϳ6 nm, for bound stacks of membranes ͓see Sec. II end͔, or even a ϳ50 nm for highly swollen phases of unbound membranes ͓2,10-12͔. The large separation between the length scale l ␥ and the stack period a has profound implications on the magnitude of dimensionless surface tension ␥ ϭ␥/␦␥, introduced in Sec. II, see Eqs. ͑2.13͒ and ͑2.14͒. For example, for sterically stabilized membrane phases, ␦␥ϭͱb 2 , with b 2 ϭϪ‫ץ‬ P/‫ץ‬aϭϩ‫ץ‬ 2 V e f f /‫ץ‬a 2 . Here V e f f is as in Eq. ͑3.3͒, with dϭ2, yielding
with ␣ ϱ (dϭ2)ϭ͓␤ ϱ (dϭ2)͔ 3 Х0.212 ͑see Sec. III͒, and l ϭaϪa min , membrane surface-to-surface separation (a min , the membrane thickness͒. Using Eqs. ͑4.2͒ and ͑4.3͒, the dimensionless surface tension
͑4.4͒
For, say, lϷ1 nm and l ␥ Ϸ0.24 nm, from Eq. ͑4.4͒, we have ␥ Ϸ20. So, ␥ ӷ1 for the sterically stabilized system of repelling membranes, even for the modest membrane separations. Essentially, the same estimate as in Eq. ͑4.3͒ is obtained also for the bound stacks of membranes, for the realistic situations with strong entropic effects ͓see Sec. III, the discussion of Fig. 6͑b͒ therein͔. Thus, quite generally for strongly entropic systems, ␥ ӷ␥ *(dϭ2)Х0.592 ͓see Sec. II and Fig.   5͑b͔͒ . It would be thus tempting to assume that, to a good approximation, one can apply to these systems the results of Secs. II and III in the limit ␥ →ϱ ͓see, e.g., Eqs. ͑2.22͒, ͑2.29͒, ͑3.31͒, and ͑3.33͒, and Fig. 7͔ . This conclusion is however unwarranted as the liquid-vapor interface is not firmly bound to the outmost membranes of the stack, as assumed in the discussion of Secs. II and III. Elsewhere, in Ref. ͓29͔, we reexamine our results in light of a more realistic model that incorporates the degrees of freedom associated with liquid-vapor interfaces. Interactions between these interfaces and nearby membranes are typically repulsive, and liquid-vapor interfaces are generally expected to unbind from the stack for P→0. This may provide a mechanism weakening the surface tension VPP effects, as already noted by Nagle and Katsaras ͓18͔. In Ref.
͓29͔ we find that this is indeed the case for the bound stacks of manifolds such as DMPC bilayers discussed in Secs. II and III. For such stacks, in the limit of zero surface osmotic pressure, P→0, the stack period a N approaches a finite value, whereas the vapor-liquid interface completely unbinds from the stack under the influence of repulsive ͑disjoining͒ van der Waals forces, as we detail in Ref. ͓29͔. For P→0, such stacks behave exactly as the zero surface tension stacks in Secs. II and III ͓see also Fig. 1͑e͒ , and the discussion following Eq. ͑2.4͔͒. Thus, for example, using Eq. ͑3.32͒ ͓or Eq. ͑3.34͒ with ␥ ϭ0], for the average period of N-membrane stacks we have
with Q(dϭ2)Х0.639, and, for example, a ϱ Ϫr 0 Ϸ0.56 nm being the thermal expansion for DMPC ͓see Sec. III͔. Likewise, the local average intermembrane spacings are given by FIG. 9 . The universal functions I N (n,d,␥ )/I ϱ (d) for ␥ϭ0 ͑solid lines͒ and ␥ϭϱ ͑dashed lines͒, for ͑a͒ various 2D stacks of N semiflexible polymers, dϭ1, and ͑b͒ various 3D stacks of N fluid membranes, dϭ2. We note that for dϭ2, I ϱ (dϭ2)ϭ2, whereas I N (n,d,␥ ) for ␥ϭ0 and ␥ϭϱ is given analytically by Eqs. ͑2.23͒ and ͑2.24͒.
͑4.6͒
with I N (n,dϭ2,␥ ϭ0) explicitly given by Eq. ͑2.23͒. We note that for practically significant limit Nӷ1, from Eq. ͑4.5͒, we have also the equation
͑4.7͒
providing a useful simple result for discussing the experimental visibility of finite-size effects in the bound stacks at zero osmotic pressure, as exemplified for the case of DMPC in Sec. III. We note that here a N Ͼa ϱ in Eqs. ͑4.5͒ and ͑4.7͒ reflecting the presence of our reverse VPP effect ͓Fig. 1͑c͔͒ revealed in Secs. II and III. A different behavior is found for the unbound, sterically stabilized stacks of membranes. For them, too, for P→0, the tense vapor-liquid interfaces unbind from the stack, due to repulsive van der Waals forces ͓29͔. However, for P→0, the tensionless stack membranes themselves also unbind. Intermembrane separation diverges faster than the separation between the stack and the vapor-liquid interfaces, as we detail in Ref.
͓29͔. There, we show that from P→0, i.e., for highly swollen stacks we can directly use our results of Sec. III obtained in the limit of infinite surface tension. Thus, for example, using Eq. ͑3.33͒ ͓or Eq. ͑3.34͔͒, for the average period of N-membrane stacks we have
with Q(dϭ2)Х0.639, and
, with ␤ ϱ (dϭ2)ϭ0.595 ͑see Sec. II͒. Likewise, the local average intermembrane spacings are given by
with I N (n,dϭ2,␥ ϭϱ) explicitly given by Eq. ͑2.24͒. We note that, for the practically significant limit Nӷ1, using Eq. ͑4.8͒, we have also the equation
͑4.10͒
providing a useful simple result for discussing the experimental visibility of VPP effects in these systems. We note that here a N Ͻa ϱ in Eqs. ͑4.8͒ and ͑4.10͒ reflecting the presence of the ordinary VPP effect ͓Fig. 1͑b͔͒, as detailed in Secs. II and III. Let us summarize our major results and compare them with the previous theoretical study of Podgornik and Parsegian, Ref. ͓14͔. ͑1͒ We find that both the reverse (a N Ͼa ϱ ) and ordinary (a N Ͻa ϱ ) finite-size VPP effects may be present in smectic stacks of N semiflexible manifolds, as conceptualized in Fig.  1 . The magnitude of these effects is limited by the magnitude of the stack thermal expansion. For example, for Nӷ1, we find that a N Ϫa ϱ Х/N, with ͉͉ϳ͉a ϱ Ϫr 0 ͉ being the stack period thermal expansion away from Tϭ0 smectic period r 0 . As detailed in Secs. II and III, this feature of our theory well explains the absence of noticeable VPP effects in the experiments of Katsaras ͓17͔. (␥) depends on the surface tension of interfacial manifolds. However, it has finite limits for ␥→0 and ␥→ϱ. . In their theory, ͉͉ ӷ͉a ϱ Ϫr 0 ͉, as /k B Tϳ10, and, more importantly, ͉a ϱ Ϫr 0 ͉ ӷ⌬x is the short-distance cutoff ͓⌬xϳ1 nm, the lipid molecule size͔. Note that for the unbound stacks of membranes with a ϱ Ϫr 0 Ϸa ϱ ϳ100 nmӷ⌬x, the Podgornik-Parsegian result for (ϱ) exceeds the thermal stack period expansion by a factor of 10 4 . Moreover, the Podgornik-Parsegian theory strangely predicts that the smectic period a N of sterically stabilized ͑purely repelling͒ membrane stack approaches a finite value (a N ) max ϭa min ϩ(␣k B T/) 1/2 ⌬xͱN, in the limit of zero osmotic pressure, P→0. Such an unexpected effect has never been observed in a sterically stabilized system of unbound membranes, and contradicts any common intuition on the behavior of purely repelling manifolds. Our theory is free of such unphysical results. See, for example, our Eqs. ͑3.2͒, ͑3.9͒, ͑3.16͒, ͑3.33͒, ͑4.7͒, or ͑4.10͒, all manifestly showing that a N ϳ1/P 1/3 →ϱ as P→0. We stress, this is an exact ͑nonperturbative͒ result.
͑2͒ So, what is causing the problems in the theory of Podgornik and Parsegian? It is the very first assumption done in the theory, to use the smectic continuum elastic model, the standard Landau-Peierls model of smectic liquid crystals, which ignores the layered character of the smectic liquid crystals and replaces the smectic displacement u n (x) with the continuum field u(z,x), with zϭna. Next, it was assumed that the smectic z coordinate is essentially continuous (⌬zϭ0), whereas the only short-distance cutoff is ⌬x ͑lipid molecule size͒. However, truly ⌬zϭa ͑smectic phase period͒ and, in practical situations, ⌬zϾ⌬x. So, taking ⌬zϭ0 and keeping ⌬x as the only short-distance cutoff is obviously a problematic assumption of the theory of Podgornik and Parsegian. It is the major cause of the difficulties of their theory discussed in item ͑1͒ above. This assumption yields large and unphysical predictions for the VPP phenomena in Ref. ͓14͔ . These problems culminate in their prediction of the artificial maximum period (a N ) max ϳ⌬xͱN for the sterically stabilized lamellar phases of purely repelling membranes ͓note that, strangely, this (a N ) max goes to zero for ⌬x→0].
͑3͒ In contrast to the theory of Podgornik and Parsegian, our theory does not make the assumption that the smectic z coordinate is continuous. Rather than using the continuous Landau-Peierls model, we keep in our calculations the discrete, layered character of smectic liquid crystals, by describing smectic layers by their height functions h n (x), n ϭ1,2,3, . . . ,N. Thus, rather than dealing with the smectic continuum model employed by Podgornik and Parsegian, we employ here a more microscopic smectic model with N interacting semiflexible manifolds. Within this approach, importantly, all interesting results ͓smectic average period, etc.͔ have a finite value in the continuum limit ⌬x→0, in contrast to the results of Podgornik and Parsegian in Ref. ͓14͔ . In fact, throughout this paper we presented our results in the limit ⌬x→0 ͑corrections due to a nonzero ⌬x are small in practical situations, see the end of Appendix A͒.
͑4͒ An essential feature of our results here is the spatially nonuniform character of smectic interlayer distances, a N (n) ϭ͗h nϩ1 (x)Ϫh n (x)͘, for the nth layer of an N-manifold stack. They have not been calculated in the previous studies of the VPP phenomena. Thus, the Podgornik-Parsegian theory, Ref. ͓14͔, effectively assumes that interlayer distances are uniform, n-independent, and schematically describes VPP effects in terms of pseudo-Casimir forces. We have demonstrated here that such a picture obscures the real nature of the VPP phenomena. Their essence is in spatially nonuniform thermal expansion of smectic interlayer distances as revealed in Sec. II ͓see the discussion following Eq. ͑2.34͔͒. We have found that the VPP phenomenon itself, i.e., the difference a N Ϫa ϱ , is in large part related to the behavior of local interlayer distances a N (n) in the regions close to the stack interfaces, see Eqs. ͑2.38͒-͑2.41͒, and the discussions at the end of Sec. III, and Figs. 8 and 9 therein. Here, we recall that a N Ϫa ϱ ϳ1/N, whereas for the interlayer distances a N (n) close to the stack center, nϷN/2, we have a N (n ϭN/2)Ϫa ϱ ϳ1/N 1ϩd/2 Ӷ1/N. Thus, we have ͉a N (nϭN/2) Ϫa ϱ ͉Ӷ͉a N Ϫa ϱ ͉, and the main contribution to the difference between the stack average period a N and its thermodynamic limit value a ϱ comes from the layers close the stack surfaces, as evidenced in Fig. 9 . This fact provides further severe limitations to the experimental observations of VPP phenomena based on standard x-ray diffraction ͑Fourier transform͒ techniques which are probing interlayer distances close to the center of the stack. For them we have
. Thus, for membrane stack (d ϭ2), with Nϳ1000 ͑as in the experiments of Katsaras ͓17͔͒, a N (nϭN/2)Ϫa ϱ is about thousand times smaller than a N Ϫa ϱ , which itself is already smaller than the experimental resolution ͓see Secs. II and III͔. As detailed in Secs. II and III, finite-size VPP effects are practically significant only in small stacks with up to Nϳ10 manifolds such as the thin smectic film ͓26͔.
͑5͒ Beyond the significance for VPP effects, our results are of a more fundamental interest for the statistical mechanics investigations of smectic stacks, such as the work of Bachmann et al. ͓22͔ . We find that finite-size effects in strongly entropic stacks, such as the sterically stabilized phases, can be described quantitatively well by a simple analytic one-loop theory ͓see Sec. III͔. The assumption underlying the success of such an approach to these nonperturbative problems, namely, the existence of suitably defined effective ͑coarse-grained͒ potentials is well documented by the present study, by carefully relating the analytic theory of Sec. II to Monte Carlo simulations of Sec. III. We highlight this finding because of its interest for future theoretical studies of smectic stacks of manifolds. stress introduces a nonzero local strain ͗e n (x)͘, which can be simply obtained by minimizing the above H int in Eq. ͑A2͒ over e n (x). This easily yields
, with Cϭ3, is indeed in accord with Eq. ͑2.7͒. Equation ͑A3͒ is strictly valid as the leading ͑one-loop͒ term of the low-temperature expansion. Indeed, in the low-T limit, it suffices to keep only the cubic anharmonic term
in Eq. ͑A1͒. By expanding the Boltzmann factor in powers of this term, one has the perturbation expansion,
where, as before, ͗•••͘ 0 signifies the average with respect to the harmonic stack Hamiltonian Eq. ͑2.9͒ ͓or, Eq. ͑A9͒ below͔. As ͗e n (x)͘ 0 ϭ0, we thus have
to the leading order at low T. For the harmonic average on the right-hand side of this equation, we have, by the Wick theorem,
͑A7͒
For a harmonic smectic Hamiltonian with just nearest neighbor interactions ͑such as Eq. ͑2.9͒, or Eq. ͑A9͒ below͒, it is straightforward to show that
By noting that ͓͗e n Ј (xЈ)͔ 2 ͘ 0 on the right-hand side of Eq.
͑A7͒ does not depend on xЈ, and by using Eq. ͑A8͒, we find that Eq. ͑A7͒ yields Eq. ͑A3͒ with Cϭ3, i.e., Eq. ͑2.7͒. Next, we outline here the derivation of Eqs. ͑2.10͒-͑2.15͒ by calculating the harmonic average in Eq. ͑2.7͒, i.e., Eq. ͑A3͒. For a general value of the surface tension ␥, such calculation poses a difficult but tractable analytic problem, see Refs. ͓12͔ and ͓26͔. Here, we will solve this problem by the method of effective Hamiltonians elaborated in our recent study ͓12͔. To obtain the average in Eq. ͑2.7͒, we consider the harmonic smectic Hamiltonian Eq. ͑2.9͒ in the form
with ͐ q ϭ͐d d q/(2) d and ũ n (q) being the Fourier transform of u n (x). The average in Eq. ͑2.7͒ involves only u nϩ1 (x) and u n (x). This harmonic average can be found exactly by constructing an effective Hamiltonian for u nϩ1 (x) and u n (x), H e f f (u nϩ1 ,u n ), that is obtained by minimizing H 0 in Eq. ͑A9͒ for a fixed shape of the manifolds u n (x) and u nϩ1 (x). First, let us consider the manifolds under the nth manifold and obtain the effective Hamiltonian H e f f (u n ) for the nth manifold by minimizing H 0 Eq. ͑A9͒ over u 1 ,u 2 , . . . ,u nϪ1 for a fixed u n . This minimization can be done in several interesting ways. For example, as detailed in Ref. ͓12͔, such a problem can be reduced ͑by successive minimizations over u 1 ,u 2 , . . . ,u nϪ1 ) to iterating the recursion relation
͑A10͒
with the initial condition
After (nϪ1) iteration steps, all the manifolds except the last one, u n , are integrated out, and one regains the effective Hamiltonian
Our task now is to find the dispersion relation K n (q) by iterating Eq. ͑A10͒. For this purpose, it is interesting to note that the recursion relation Eq. ͑A10͒ can be mapped into the calculation of the equivalent resistance of the circuit shown in Fig. 10͑a͒ with resistances K m (q), q 4 , and b 2 . Consequently, K n (q) is the equivalent resistance of the ladder circuit in Fig. 10͑b͒ , K n (q)ϭũ n /I. By the first Kirchhoff's rule, the voltages at junctions in Fig. 10͑b͒ 
From Eq. ͑A15͒,
͑A16͒
The equivalent resistance K n (q)ϭũ n /I can be obtained by invoking two ''boundary conditions'' ͓obvious from Fig.  10͑b͔͒ ,
From Eqs. ͑A14͒-͑A18͒, we obtain the final form of K n (q) ϭũ n /I as
͑A19͒
For K 1 (q)ϭK sur f (1) (q)ϭ␥q 2 ϩq 4 , as in Sec. II, the quantity Z in Eq. ͑A19͒ has the form
with ␥ ϭ␥/ͱb 2 . On the other hand, for the more general interface dispersion relation discussed in Ref. ͓29͔, of the form
Z in Eq. ͑A19͒ has the form
͑A22͒
Now we are in the position to consider the whole stack of manifolds. The NϪn manifolds above the (nϩ1)th manifold can be treated in a similar way as the manifolds below the nth manifold. This eventually yields the effective Hamiltonian for ũ n (q) and ũ nϩ1 (q) of the form
with K Ͻ (q)ϭK n (q), as in Eq. ͑A19͒, whereas
͑A24͒
Having the harmonic effective Hamiltonian in Eq. ͑A23͒, we finally obtain FIG. 10 . ͑a͒ Simple circuit for the calculation of equivalent ''resistance'' K mϩ1 (q). ͑b͒ Ladder circuit used for the calculation of the equivalent resistance K n (q)ϵK Ͻ (q).
͑For simplicity, here and now on, we write R instead of R 1 .͒ For dϽ4, in the continuum limit Q max ϳ1/⌬x→ϱ, the integration over q(0ϽqϽϱ) in Eq. ͑A25͒ can be conveniently converted into the integration over R (1ϾRϾ0) with the aid of relation between q and R in Eq. ͑A15͒, yielding
with S d being the d-dimensional unit sphere area and I N (n,d,␥ ) as in Eq. ͑2.15͒. After the summation over n, we get the average for the whole stack 
͑A22͒.
For the two special values of ␥ ϭ0 or ϱ, the average in Eq. ͑A26͒ can be calculated also by diagonalizing the harmonic Hamiltonian ͑A9͒ ͓for ␥ 0,ϱ, the eigenvalue problem cannot be solved exactly͔. This diagonalization yields the following interesting results: .
͑A33͒
Using Eqs. ͑A28͒-͑A33͒, one can show the following interesting relations between the systems with zero and infinite surface tension:
Using Eq. ͑A35͒, we find for semi-infinite smectics (N →ϱ),
with ⌬(n,d,␥ )ϭI ϱ (n,d,␥ )ϪI ϱ (d) as in Eq. ͑2.26͒. From Eqs. ͑A36͒ and ͑2.25͒, for inter-layer distances in semiinfinite systems, we find the relation a ϱ͑ nϩ 1 2 ,␥ϭϱ ͒ Ϫa ϱ ϭϪ͓a ϱ ͑ n,␥ϭ0 ͒Ϫa ϱ ͔ to be true for any d ͑to one-loop order͒, as exemplified before in Sec. II, for dϭ2 ͓see Eq. ͑2.28͒ and below͔. For finite but large smectic stacks (Nӷ1), the expansion in Eq. ͑2.29͒ was useful on our discussion of Sec. II and III. By using Eq. ͑A34͒, the coefficients of this expansion can be related between the systems with infinite and zero tension. Thus we find
with I ϱ (d)ϭB(1Ϫd/4,d/2) as in the discussions of Sec. II. For dϭ2, I ϱ (dϭ2)ϭB(1/2,1)ϭ2, and Eq. ͑A37͒ is in accord with the exact limits of C 1 , which can be obtained by Eq. ͑2.32͒ yielding C 1 (dϭ2,␥ ϭ0)ϭϪ/2ϩ2 and C 1 (d ϭ2,␥ ϭϱ)ϭϪ/2. For dϭ1, I ϱ (dϭ1)ϭB(3/4,1/2) Х2.3963, and Eq.͑A37͒ is in accord with the numerical results for the limits of C 1 , which can be obtained by Eq. ͑2.32͒ yielding C 1 (dϭ1,␥ ϭ0)Х0.82 and C 1 (dϭ1,␥ ϭϱ) ХϪ1.56, see Fig. 5 . For the physically interesting case of the smectic stack of membranes (dϭ2), the sums in Eqs. ͑A29͒, ͑A30͒, ͑A32͒, and ͑A33͒ can be done analytically. Indeed, by using the identity ͱ1Ϫcos ϭͱ2sin(/2), one can see that these sums reduce to doable geometric ͑trigonometric͒ sums. In this way, we obtain the results in Eqs. ͑2.21͒-͑2.24͒. We stress that the results for I N (n) in Eqs. ͑2.21͒-͑2.24͒ are given for integer n ͑which is, of course, the physical case͒. For a noninteger n, I N (n) contains also some additional terms proportional to sin(2n), and 1Ϫcos(2n), vanishing for integer n. We are not going to display these terms here, as they are not of physical significance. Still we note their existence for a noninteger n, for the readers trying to check our Eq. ͑A35͒ ͑that requires replacement n→nϩ1/2), by naively using the expressions in Eqs. ͑2.23͒ and ͑2.24͒, which apply only for integer n.
As noted in Sec. II, the above formulas are applicable for dϽ4, when the momentum integral in Eq. ͑A26͒ has finite continuum limit, i.e., one can set the upper momentum cutoff therein, Q max ϭ2/⌬x→ϱ. In fact, to all orders of perturbation theory, the continuum limit ⌬x→0 is finite for d Ͻ4, because the dispersion relations for all manifolds ͑in-cluding also the interfacial manifolds͒ grow as q 4 for large q. Consequently, in our theory, the cutoff Q max plays no substantial role for the VPP phenomena. In fact, by repeating our analytic calculations with a finite Q max ϭ2/⌬x, the relative error (E) done by assuming ⌬xϭ0 can be shown to be small for dϽ4, of the order
͑A38͒
Here L b is the smectic healing length, L b ϭ(/b 2 ) 1/4 ͑see Ref. ͓12͔͒. For example, for sterically stabilized stacks ͑as well as for strongly entropic bound stacks, see Fig. 6 Therefore, for example, for 3D stacks of membranes (d ϭ2), E in Eq. ͑A39͒ is small because, typically, k B T/ ϳ1/10 ͑see Sec. II͒, and the intermembrane separation ͑wa-ter gap͒ is in the range lϭ1Ϫ100 nm, whereas ⌬xϷ1 nm ͑the lipid molecule size͒. We stress that, by Eq. ͑A39͒ with dϭ2, already at the lower limit of the water gap range (l Ϸ1 nm), the molecular scale ͑cutoff͒ effect is small for realistic bilayer membranes in lamellar phases, with Ͼ10k B T. Thus, in particular, the theory of Ref. ͓14͔ fails to provide the correct account of cutoff effects even for small intermembrane separations in realistic systems.
APPENDIX B:
In this appendix we consider smectic stacks with N manifolds in the limit of infinite surface tension of the interfacial manifolds ͑the first and the last manifolds of the stack͒. In this limit, the interfacial manifolds behave as infinitely rigid ͑and thus flat͒ but still mobile manifolds ''pistons'' whose equilibrium distance Lϭ͗h N Ϫh 1 ͘ adjusts according to the applied value of the osmotic pressure P. Since the manifolds are flat, h N (x)Ϫh 1 (x) does not depend on x, and this problem becomes exactly equivalent ͑in the ␥→ϱ limit͒ to the problem of N k ϭNϪ2 manifolds confined between two hard walls of the distance L.
This feature can be used to extract the constants ␤ N (d,␥), in the limit ␥→ϱ, from some of the previous knowledge on the stacks of N k ϭNϪ2 manifolds confined between two hard walls at the distance Lϭ͗h N Ϫh 1 ͘ϭ(NϪ1)a N , in the notation of the present paper. For simplicity, let us set a min ϭ0 and ϭk B Tϭ1, as this is possible to achieve by a suitable rescaling ͑similar to that used in Sec. III͒.
Let us first consider the stack with Nϭ3 semiflexible polymers (dϭ1) fluctuating in a plane. In the limit ␥→ϱ, this problem reduces to the problem of a single semiflexible polymer fluctuating between two hard walls at distance L. By using the exact result of Burkhardt ͓21͔,  . ͑B7͒
Here, the values of ␣ N k (hw) are given in the Table III of Ref. ͓22͔, for NϪ2ϭ1 through 15. By using that table, and our Eq. ͑B7͒, we obtain our Table I , with ␤ N (dϭ2,␥ϭϱ), for Nϭ3 through 17. The table documents the fact that these constants are well approximated by the one-loop formula
with ␤ ϱ (dϭ2)Х0.595 and A dϭ2 Ј Х0.190, as employed in the discussions of Sec. III. We recall that here I ϱ (dϭ2) ϭ2 and I N (dϭ2,␥ϭϱ) is exactly given by Eq. ͑2.22͒. 
